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ABSTRACT

A criticality equation is derived assuming slowing-down only by
hydrogen. The use of criticality experiments as a basis for calculation
is described. Approximate methods are given for handling inhomogeneities
and multi-region reactors. Some criticality data on solutions of UO3 dis-
solved in 1-131304 are listed in Appendix I, and the Goertzel-Selengut equa-

tions are derived in Appendix Il
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INTRODUCTION

The present report is concerned with criticality calculations for liquid reactors, the
principal constituents of which are water and enriched uranium (93.5% U-235). The liquid
is assumed contained in a steel vessel, which has some tamping effect. Slowing-down is
due almost entirely to H, and fast neutron absorption is due almost entirely to epithermal
capture in U.

The equations derived in this report have the following features:

(1) The criticality equation contains a "first flight correction.”

(2) Account is taken of epithermal fission.

(3) Account is taken of neutron absorption and leakage in the slowing-down integral.

(4) The slowing-down integral is conveniently transformed into a sum, with different fast

neutron cross sections used in different energy intervals.

OBt CRVEASE  semmt A CCIETED
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SECTION I. DERIVAT{ON oOF SCRECPCALITY EQUATION

When a neutron of energy E' is scattered by H, all final energies from zero to E' have
equal probability P(E): P(E)dE = dE/E'. The hydrogen slowing-down ( HSD) method differs
from age theory by taking account of this spectrum of final energies following a collision
with H.

The following assumptions are made:
(1) The fission spectrum is disregarded. It is assumed that QO(F) fast neutrons are born
in fission per cubic centimeter per second at energy EO and position r.
(2) Slowing-down is due only to collisions with H, and not to collisions with heavier elements

(justification: in H,O, oxygen contributes only 2.5% to the slowing-down cross section).

(3) Capture of faszt neutrons is due entirely to uranium.

(4) The flux ¢(E,T) is separable into a function of energy E and a function of position T.

The space dependence of Qo(f') and of the flux at all energies is considered to be the same.

Hence the buckling B2 of the assembly is the same for all energy neutrons, and the extrapo-

lation distance & beyond the physical surface of the core is the same for all energy neutrons.
If the fission spectrum is taken into account, and also slowing-down by heavy elements

(1)

(changing assumptions 1 and 2), then the Goertzel-Selengut equations are obtained. These
equations, derived in Appendix II, require more elaborate numerical methods for solution than
the criticality equation derived below.

The basic equation of diffusion theory is J = -D grad ¢, where J is the net neutron cur-
rent. In diffusion theory, D = 1/3 XS where ES is the macroscopic scattering cross section.

A first-order transport correction is preferred for D

-1
1 1 4 2
b =*3‘[2u+ 55 ﬁ}

where the transport cross section Zip = ZIS(I - cos B), cos 6 = 2/3A, 9 is the scattering

angle, A is the atomic weight of the scattering nucleus, and Ea is the macroscopic absorption

cross section. A good approximation for D is

1

D= -
3ztr + 2.2 Za(H) + 0.6 Za(heavy elements)

For each energy interval dE the following equation is written

OVPH(E) - (2, + 2_.) 9(E) + S(E) = 0 (1)

(1) G. Goertzel, TAB-53 (1950).°
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® [
where Zsh is the macroscopic hyd;'og.eoxf s'catt'e'ﬁng“cx:os.s section, and S(E) is the number of
neutrons scattered into the energy interval dE per second per cubic centimeter. The spatial

dependence of ¢(E) is given by Vz¢ + Bz¢ = 0, so (1) can be written

-2L¢(E) + S(E) =0 (2)
. X .
(1} L) 3 —
where the *loss" cross section Z‘L = Ea + ESh + DB,
, The source term S(E) is given by
E
o)
z . (E)
_ sh' 7o’ dE . .\ dE .
SE)E =Q, % gV E) E * Z(ENO(E")F—dE (3)
L o) o]
E

The first term gives the neutrons scattered into dE on their first collision with H; the integral
gives the neutrons scattered into dE from dE'. The symbol £ will be used for the first col-

lision probability Z‘Sh( Eo)/ ZL( Eo)' Differentiating S(E),

a5 TalEVOE)  Ty(E) G(EIZ(E)  BG(E) gy

= = = - ° (4)
dE E E ZL(E) E ZL(E)

where a substitution has been made using equation (2). This integrates to

E
o

S(E,) z  {E)
Zn t - —sh "° dE (5)
. S(Eo) fL(E) E
Et

where Et will be considered the upper limit of the thermal erergy distribution. From equation

(3), S(EO) = QOE/EO. Since

sh 1 z:a DB2
= = - ’
EL z ZL
we have
r- -
E E E
o o] o
S(E) O e| [ SE *a de 2| D dE (6)
t EO E ZL E ZL E
| Ey Ey Ey ]
o0 9209 00 o odeoe [ ]
* 9 [ ] L ] [ ] (3 e O
[ N [ ] L ] o [ L ]
[ I ] o0 E ] ([ T') [ e
® b -.7 L o [ ] ® (-]
o0 090 000 0606 S00 o0
9 [ ] E L ] o0¢ o0
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It will be noted that equation (6) has omitted neutrons scattered to energies below Et
on the first collision. Since these are of the order of Qo X 10_7, this neglect is justified.

For the source term for the thermal group of neutrons, we want not only the neutrons
scattered into an interval dE at Et’ but all neutrons scattered below the energy Et' We
therefore replace S(E)JdE with S( Et) -Et, and write for the thermal group of neutrons

Dv2¢t - Z,0, + S(E)E, = 0 (7

Et
0

Multiplying equation (6) by E, and noting

where

(o]
dE
e [ g = E/E
Et
we have
E
(o]
z
a dE
S(E,)-E, = Qfexp | - 5, E exp (8)
Et

The first exponential is the resonance escape probability Py and the second exponential is
the fast neutron non-leakage probability Py
For steady state, Qo is given by

Q, =¢7Z,m+ Q&p;(1-p)ni) ' (9)

The first term is the number of fast neutrons born per second per cubic centimeter due to

capture of thermal neutrons. =7 = Zf u/Z‘a where Z_ is the macroscopic thermal fission cross

f
section and v is the number of neutrons per fission (v = 2.5). The second term is the con-
tribution of epithermal fissions. The expression assumes that abéorption (1 - pa) takes place

and that the leakage (1 - pf) takes place above E The number of

below some energy El’ 1
neutrons produced per epithermal neutron capture is nf, where f is a number between 0.86
and 1.00.

Rearranging equation (9) and substituting in equation (8) gives

-8 -

. . -

ae = e
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n& PP; (10
S(Et).Et=¢tza. 1 -nf(l-pa)pf=¢tza X )
Equation (7) becomes
DV2¢ Z( )¢, =0
g+ BX - 1)e =
(11)
2 z
v¢t=-B2_~ a(X_l)____(x—l)
% - b %
where L is the diffusion distance for thermal neutrons. The criticality condition is
X=14 L2B2. It can be shown(z) that the reproduction constant k is given by k= x(1 + LzBZ)-l.

The non-leakage probability P, of thermal neutrons is (1 + L2B2)_1.

The expression

2.2 né PPy
1 LB = =
' X=T &1 - v,

can be rearranged to

£ pp

1= (—L2 7 « & p (1t - p 0t (12)
1+ LB

The first term on the right may be identified with neutrons born in thermal fission and the

second term with neutrons born in epithermal fission. The form of equation (12) [and also

of equation (9)| depends on k = 1, and therefore (12) is the steady state criticality equation.
b

(2) S. Glasstone and M. C. Edlund, "The Elements of Nuclear Reactor Theory,'" Van Nostrand,
New York, 1952,

-9 -
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SECTION II. SOLVING THE CRITICALITY EQUATION

Equation (12) can be rearranged to

L= gnpgpy, [1- (1= )01 - /] (13)

where P, = (1 + Lsz)-l. For a given class of reactors, (1 - pa)(l - f/pt) can be estimated
sufficiently accurately, and treated as a small correction.

Valerino and Yeager(s) have made extensive calculations on H‘ZO and enriched uranium
(93% U-235) systems with different H/U ratios, and from their results, the following values

of f (Table 1) are deduced corresponding to various values of n for thése systems.
TABLE 1
THE VALUE OF f TO USE WITH 1

f

1.000
0.990
0.980
0.970
0.960
0.949
0.939
0.928
0.917
0.903
0.887
0.876
0.860

E

(=N N

DD DN DN b=t b ek b bk ped ek ped pd
= OO W1 IHBLWN ~O

As an example, for the LASL DIR-P reactor, (1 - pa)z 0.3, and (1 - f/pt)z0.03, S0
(1 - (1 - pa)(l - f/pt)) is taken to be 0.99. This leads to

EO
1. 128 oxp - B2 D dE | (14)
0.99 n¢ £, + E, + DB F
Ey

Equation (14) is used to determine Bz, which in turn determines the dimensions of a just-

critical reactor. The method of solving equation (14) has been to use an approximate value

Ba2 in place of B2 inside the integial and in the expression (1 + L2B2)._ B2 in front of the

(3) M. F. Valerino and P. Yeager, "Brief Summary of NACA Work on Criticality Calculations
of Enriched Hydrogen Moderated Reactors,” to be published as an NACA report.

- 10 -
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integral is the important quantity, since here it determines the fast neutron leakage. After a
first solution of the equation, a better value for Ba2 may be used, the final value of B2 being
obtained by iteration.

If the integral is replaced by a sum, the equation can be written

E
0
/n (0.99;;62> _ g2 z - AE/E (15)
1+LBa - Ba +(Za+ Esh)/D
t

The interval AE has been taken to be a decade (for example, 105 to 106 ev), because
this is convenient for determining average values of Za, zsh’ and D for an interval from fast
neutron cross section curves. AE/E is then 2.3. Et was taken to be 0.0316 ev, and a half
decade was used for the lowest energy interval. For a solution of 0.5 M UO3 dissolved in

4.26 M H PO4 in a critical assembly, the sum in equation (15) is found to have the approxi-

3
" mate numerical value of 12,4 cm2. This value is about a third the expected ''neutron age"

in this solution because (1) it measures a slowing-down migration area after the first flight,
and (2) absorption and leakage appear in the denominator of the integral in equation (14), in

addition to slowing-down.

- 11 -
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SECTION III. USE OF CRITICALITY MEASUREMENTS

The assumption that B2 is the same for all energy neutrons implies an untamped as-
sembly. Since small homogeneous reactors are usually contained in a steel vessel and tamped
by the steel walls, calculations using HSD theory are made for the '"equivalent' untamped re-
actor. The appropriate extrapolation distance § into the steel walls surrounding the core is
best determined from criticality experiments, If the reactor is cylindrical, 6 is related to

B2 through the equation

g2 2405\ r\?
R+ op H+ 20,

where R and H are the just-critical radius and height of the core. GR and GH may be dif-
ferent and in principle can be determined separately from critical measurements.on the same
solution contained in cylinders of different radii. In the following discussion it is assumed
that GR and GH are equal.

The first collision probability & is also very difficult to calculate accurately. The four
criticality measurements (without stainless steel grids) reported in Appendix I were used to
determine both 6 and £ for solutions of U0, in H3PO4 at room temperature, in a cylindrical
container with 3" iron on all sides. During the calculations, a large trend in & was found for
the four solutions, and the direction of the trend (increasing or decreasing & with increasing
H/U ;'atio) depended on the value chosen for £ . Since the transport mean-free-path Ktr is
very nearly the same for the four solutions, that value of§ (£ = 0.88) was chosen for which
6 had no trend, but only & small random variation within the experimental uncertainty of the
measurements. Table 2 gives calculations made on these four solutions as an example of the
use of equation (15). The average & for the four solutions is 3.29 cm.

Also listed in Table 2 are calculations on a solution which may be used in the DIR-P
reactor: 0.6 M UO3 in 5.6 M H3PO4 at 430°C. The vessel {filling at room temperature (58%)
is such that the solution at 430°C is expected to have expanded by a factor 1.43, and to have
lost to the vapor phase 2.09 moles of HZO per liter of expanded liquid. Because of this re-

duced H concentration, A,  and & are expected to be larger by the factor 1.61 than they are

tr
for the room temperature solutions.

- 12 -
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CALCULATIONS ON SOLUTIONS OF UO, IN H,P
v = 2.5, £ = 0.88

Quantity

0.997&
1+ L2Ba2

n 0.9921; 62
1+ L Ba

Units

Dimensionless

. 2
cm

-2
cm

Dimensionless

Dimensionless

Z < AE/E
2
Ba + (Ea + Esh

B2

Core radius
Core height

]

)/D

> Dimensionless

-2
cm

cm
cm

cm

* This number was the unknown.

TABLE 2

3 4

Sol. 1 Sol. 2 Sol. 3
1.903 1.885 1.857
1.79 2.00 2.23
0.0352 0.0335 0.0324
1.536 1.515 1.487
0.4292 0.4154 0.3968
12.40 12.40 12.18
0.03461 0.03350 0.03258
15.75 15.75 15.75
16.4% 17.2% 18.0%
3.30% 3.28* 3.26*

x This number determined by experiment; see Appendix I.

O, USING EQUATION (15)

0.6 M UO3

5.6 M H3PO,
Sol. 4 430°C
1.816 1.947
2.60 6.08
0.0309 0.0150
1.443 1.531
0.3667 0.4258
12.10 28.29
0.03031 0.01505
15.75 11.75
19.5% 38.02*
3.32* 5.30

ASvV3T13d O I1dNd d04 d3aNOdddV
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SECTION IV. APPROXIMATE TREATMENT OF INHOMOGENEITIES

Baffles, struts, control rod thimbles (but not control rods), and similar protuberances
into the core can be treated approximately by making a correction to . These inhomogenei-
ties displace a solution containing U, as well as introduce a mild poison into the core., Their
effectiveness depends on ¢¢ * at their location, where ¢ * is the adjoint function of the flux.
¢ ¢ * is approximated by ¢2, where, for simplicity, ¢>2 is calculated assuming no inhomogeneity.

¢ is determined from the functions satisfying the space equation

V6 + B% = 0

Using the subscript i to identify inhomogeneities,

n = = (16)
2
2;a Vs o+ 2:ai Vl 9

where Vg is the volume of solution in the core, V; is the volume of the inhomogeneity, and
¢2 is the flux-squared averaged over the volume occupied by solution.

To overcome the corrosive nature of the phosphoric acid solution, the steel vessel of
the DIR-P reactor may be lined with a few mils of gold. Equation (16) may be used to esti-
mate the poisoning effect of this lining. An alternative procedure is to estimate the reduction

in § caused by this lining, § may be expressed as follows(4)

_ 1+ 8
0 =C ltr( 1- B)
where B is the albedo for steel and C is an experimentally determined constant. Since 8 is
the ratio of neutron current back into the core divided by neutron current which leaks out of
the core, and since both currents are attenuated by the transmission of the gold lining, the

effect of the gold lining can be estimated by multiplying 8 by the square of its transmission,

(4)8. Glasstone and M. C., Edlund, loc cit, p. 134.

- 14 -

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

SECTION V. CRITICALITY ESTIMATES FOR A MULTI-REGION REACTOR

A homogeneous reactor may have regions, such as the space where cooling coils are
located, where # is much smaller than in the principal part of the reactor. Criticality for
an assembly of distinct homogeneous regions can be calculated approximé.tely by a method of
flux mapping. For each region the ''material buckling" Bmz must be calculated. For a num-
 ber of rapid calculations, it is simplest to use a one-group equation with an appropriate mi-
gration area M2.

For illustration of the method, suppose the assembly consists of a stack of several
right-cylindrical sections. We then write for each cylinder

2.4052 R .
B = g + C" = G +C
(R+ 6)

2

G2 can be calculated at once and we have

The €2 gives the axial curvature of the flux distribution in this cylinder of the stack.
The flux mapping is done axially along the assembly, starting with the top cylinder, and match-
ing values of ¢ and D % at each interface between cylinders. At the first interface the equa-
tions in a typical case are as follows:

102 (z1 - zl) -i C.2 (z1 -z

)
A sin Cl(zl+6) = Fe + Ee 1

D, C, Acos C (z;+3) = D,iC, [Felcz(z1 g% zl)jl
where (z1 - zl) is the expression (z - zl) evaluated at z = z. 0 is the extrapolation distance
above the top of the first region; zy is the axial coordinate of the interface. The functions on
the right side of the equations imply that G2 >Bm2 in the second region, making C22 a negative
number; iC2 is taken to be a positive real number. Coefficients F and E will be obtained in
terms of the arbitrary amplitude A.

The condition of criticality is that the flux should go to zero at the extrapolated boundary
at the bottom of the stack of cylinders. If the flux goes to zero inside the assembly, the

APPROVED FOR‘PUBLI C RELEASE
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assembly is then super-critical; if it goes to:'ze:r°o° aft'.some distance outside the assembly, the
assembly is sub-critical,

Each cylinder of the assembly can be split up into a cylindrical core and concentric annu-
lar rings. The radial contribution G2 to the buckling can then be calculated using Bessel func-
tions and assuming the cylinder to be infinitely long.' In this case, flux mapping is done first
radially and then axially. In two dimensions, the method is only approximate, because the c?
for the axial functions for a given cylinder of the assembly is an average over the different
radial regions. The method is useful for treating problems which are extremely complex to

solve exactly.
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Criticality Measurements on Phosphoric Acid Solutions. *

As a mockup for the DIR-P reactor, criticality measurements were made at 20°C in a
cylindrical can 12.4" inside diameter and 22 high, which was tamped on the bottom and sides
with 3" of iron, A 3" thick top tamper block of iron was lowered inside the can to the height
of the solution, Four solutions were used, consisting of different amounts of U03 (93.5% U-235)

_dissolved in 4.26 M H,PO4. Properties of the solutions and results are given in Table 3.

TABLE 3

Solution 1  Solution 2 Solution 3  Solution 4

UOg molarity 0.508 0.461 0.407 0.341

H(atoms) /U (atoms) 199 220 250 300

H molarity : 101.0 101.4 101.8 102.3

O molarity S P X 62.7 62.8 62.8

Density (gm/cc) ’ 1.326 1.316 1.308 1.293

U concentration (gm/2) 119.5 108.5 95.8 80.2

U per kg of solution (gm) 90.1 82.4 73.2 62.0

Criticality conditions: :
Critical height (cm) 16,4 + 0.2 17.2 + 0,2 18.0 + 0.2 19.5 + 0.3
Critical volume (¢) 12.8 13.4 14.0 15.2
Critical mass of U (kg) 1.52 1.45 1.34 1.22

Criticality conditions with 725 gm/.£ of stainless steel grids uniformly distributed
throughout. container, displacing 92 cc of solution per liter of reactor volume:

Critical height (cm) 23.2 + 0.2 25.0 £ 0.2 28.0 + 0.5 36.0 + 0.5
Critical volume,

(liters of solution) 18.1 19.5 21.8 28.1
Critical mass of U (kg) 2.16 2.11 2.09 2,25

*These measurements were made by LASL Group W-2, and were supervised by Hugh Paxton.
The solutions were prepared by B. J. Thamer of CMR-10,
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The Goertzel-Selengut Equations*

This method is an improvement on HSD theory, because account is taken of the fission
spectrum and of. slowing-down by heavy elements. The method is not widely known, and is
therefore outlined below in essentially the form given in TAB-53,

The variable used is the logarithmic energy u =-4n E; du = dE/E. When a neutron of
logarithmic energy u' is scattered by H, the probability of the final energy being between u
and u + du is

P(u) du = e" e dqu

For heavier elements, age theory is used. Thus the expression for neutrons scattered into
the interval du is

00

s = e ¢ (u') Esh(u') eV au' + a—?l [LES (u) ¢ (u)]

u

where [ is the average logarithmic energy loss per collision, and QES is the sum of pro-~
ducts {x Z s for the heavy elements. To this expression may be added a source term g(u),

where g(u)du is the normalized fission spectrum.

(o0}
If we let ¥ (u) = e“/ ¢ (u) B (u') e qu
u

we find that ¥ (u) satisfies the differential equation (as may be verified by differentiation)
d
I 00 = Y- oY () (A1)

For steady state we can write an equation which balances neutron loss against neutron sources
for the interval du:

-,

DV2¢(u) - (Ea + Esh)tb(u) = (u) + glu) + —a% I:l,'ZSqS(u)] (A2)

Slowing-down is now described by the coupled equations (A1) and (A2). Subtraction of (Al)
from (A2) gives

*Method by G. Goertzel, Nuclear Development Associates, based on an equation by
D. Selengut, Aircraft Nuclear Propulsion Project, General Electric.
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DVPpG) - 2,00 = o [CEBIT PV ) v e (43)

showing that the slowing-down density q(u) = [C, ES¢(u) + tl/(u)] , since [DV2¢(u) - an&(u)]
is the sink for neutrons, and g(u) is the source. .

The critical equation is written

Efv
$) Zpv du + [ LB + w(ut)] ] -k (A4)
ut a u = ut

where v is the log of the thermal energy Et The integral is the epithermal fission contri-
bution. If g(u) is normalized so that

)
j g{uydu = 1
0

then [C Esq)(ut) + W(ut)] is the probability that a neutron born fast becomes thermal, and
this expression takes the place of the HSD theory expression P, p;-

Zf v
s 4 DB2 gives the number of fission neutrons produced per neu-
a u=u

tron slowed-down to thermal. The numerical methods required to determine ¢(ut) and w(ut)
are more elaborate than those used with HSD theory.
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